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HEIGHT BOUND AND PREPERIODIC POINTS
FOR JOINTLY REGULAR FAMILIES OF RATIONAL MAPS
CHONG GYU LEE
Abstract. Silverman [14] proved a height inequality for jointly regular family of rational maps and
the author [10] improved it for jointly regular pairs. In this paper, we provide the same improvement
for jointly regular family; let h : Pn(Q) → R be the logarithmic absolute height on the projective
space, let r(f) be the D-ratio of a rational function f which is defined in [10] and let {f1, · · · , fk}
be a finite set of rational maps which is defined over a number field K. If the intersection of all
indeterminacy loci of fl is empty, then
k∑
l=1
1
deg fl
h
(
fl(P )
)
>
(
1 +
1
r
)
f(P )− C
where r = max
l
r(fl).
1. Introduction
LetK be a number field and h : Pn(K)→ R be the logarithmic absolute height on the projective
space. If f : Pn(K) → Pn(K) is a morphism defined on K, then we can make a good estimate of
the height h(P ) with h
(
f(P )
)
. We can define the degree of given morphism algebraically;
Definition 1.1. Let g : V (K)→W (K) be a rational map. Then, we define the degree of f to be
deg g := [C
(
V (K)
)
: g∗C
(
W (K)
)
]
where C
(
V (K)
)
, C
(
W (K)
)
is the function field on V (K) and W (K) respectively.
If f : Pn(K) → Pn(K) is a morphism on a projective space, we can find the degree from
geometric information;
f∗H = deg f ·H in Pic(Pn).
Then, the functorial property of the Weil height machine will prove the Northcott’s theorem. The
author refer [15, Theorem B.3.2] to the reader for the details of the Weil height machine.
Theorem 1.2 (Northcott [12]). If f : Pn(Q) → Pn(Q) is a morphism defined over a number field
K, then there are two constants C1 and C2, which are independent of point P , such that
1
deg f
h
(
f(P )
)
+ C1 > h(P ) >
1
deg f
h
(
f(P )
)
− C2
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for all P ∈ Pn(Q).
If f is not a morphism but a rational map, then the functoriality breaks down; two height
functions hf∗H(P ) and hH
(
f(P )
)
are not equivalent. Hence, Northcott’s Theorem is not valid for
rational maps. (However, we still have h(P ) > 1deg f h
(
f(P )
)
+C2 by the triangular inequality. See
[15, Proposition B.7.1].)
Silverman [14] suggested a way of studying height for rational maps using jointly regular family.
Definition 1.3. Let S be a finite set of rational maps defined over a number field K:
S = {f1, · · · , fk | fl : P
n(K) 99K Pn(K)}
and Z(f) be the indeterminacy locus of f . We say S is jointly regular when
k⋂
l=1
Z(fl) = ∅.
We also say that a finite set of affine morphisms S′ = {g1, · · · gk | gl : A
n(K)→ An(K)} is jointly
regular if corresponding set of rational maps S = {fl | fl is the meromorphic extension of gl ∈ S
′}
is jointly regular.
Then, a jointly regular set will bring an upper bound of h(P );
Theorem 1.4 (Silverman, 2006). Let {f1, · · · , fk | fl : A
n(K) → An(K)} be a jointly regular
family of rational maps defined over K. Then, there is a constant C satisfying
k∑
l=1
1
deg fl
h
(
fl(P )
)
> h(P )− C
for all P ∈ An(K).
In this paper, we will improve Theorem 1.4;
Theorem 1.5. Let H be a hyperplane of Pn(K), let S = {f1, · · · , fk | fl : A
n(K)→ An(K)} be a
jointly regular family of affine automorphisms defined over a number field K and let r(f) be D-ratio
of f . Suppose that S has at least two elements and r = max
l
r(fl). Then, there is a constant C
satisfying
k∑
l=1
1
deg fl
h
(
f(P )
)
>
(
1 +
1
r
)
h(P ) − C
for all P ∈ An(K).
Thus, Silverman’s result for preperiodic points [14, Theorem 4] is also improved;
Theorem 1.6. Let S = {f1, · · · , fk | fl : A
n(K) → An(K)} be jointly regular and let Φ be the
monoid of rational maps generated by S. Define
δS :=
(
1
1 + 1/r
) k∑
l=1
1
deg fl
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where r = max
(
r(fl)
)
.
If δS < 1, then,
Preper(Φ) :=
⋂
f∈Φ
Preper(f) is a set of bounded height.
From now on, we will let K be a number field, let H be an infinity hyperplane of An in the
projective space Pn(K) and let f be an affine automorphism unless stated otherwise.
Acknowledgements. It is a part of my Ph.D. dissertation. The author would like to thank my
advisor Joseph H. Silverman for his overall advice.
2. Preliminaries
We need two main ingredients of this paper, the theory of resolution of indeterminacy and the
D-ratio of rational maps. For details, the author refers readers to [1] and [3, II.7] for the resolution
of indeterminacy and blowups, and [10] for the D-ratio.
2.1. Blowup and resolution of indeterminacy.
Theorem 2.1 (Resolution of Indeterminacy). Let f : V → W be a rational map between proper
varieties such that V is nonsingular. Then there is a proper nonsingular variety V˜ with a birational
morphism pi : V˜ → V which satisfy that φ = f ◦ pi : V˜ →W is a morphism.
V˜
pi

φ
@
@@
@@
@@
@
V
f
//___ W
For notational convenience, we will define the followings;
Definition 2.2. Let f : Pn 99K Pn be a rational map and let V be a blowup of Pn with a birational
morphism pi : V → Pn. We say that a pair (V, pi) is a resolution of indeterminacy of f if
f ◦ pi : V → Pn
is extended to a morphism φ. And we call the extended morphism φ := f ◦ pi a resolved morphism
of f .
Definition 2.3. Let pi : W → V be a birational morphism. We say pi is a monoidal trnasformation
if its center scheme is a smooth irreducible subvariety.
Theorem 2.4 (Hironaka). Let f : X → Y be a rational map between proper varieties such that V
is nonsingular. Then, there is a sequence of proper varieties X0, · · · ,Xm such that
(1) X0 = X.
(2) ρi : Xi → Xi−1 is a monoidal transformation.
(3) If Ti is the center of blowup of Xi, then ρ0 ◦ · · · ◦ ρi(Ti) ⊂ Z(f) on X.
(4) f ie extended to a morphism f˜ : Xm → Y on Xm.
4 CHONG GYU LEE
(5) Consider the composition of all monoidal transformation: ρ : Xm → X. Then, the under-
lying set of the center of blowup for Xm is exactly Z(f) on X.
Proof. See [4, Question (E) and Main Theorem II]. 
Definition 2.5. Let pi : V → Pn be a birational morphism. Then, we define I is the center scheme
of pi if its corresponding ideal sheaf S generates V :
V = Proj
⊕
d≥0
Sd.
Definition 2.6. Let pi : V˜ → V be a birational morphism with center scheme I and let D be an
irreducible divisor of V . We define the proper transformation of D by pi to be
pi#D = pi−1(D ∩ U)
where U = V − Z (I) and Z (I) is the underlying subvariety made by the zero set of the ideal I.
2.2. An-effectiveness and the D-ratio.
Proposition 2.7. Let pi : V → Pn be a birational morphism which is a composition of monoidal
transformation. Then, Pic(V ) is a free Z-module. Furthermore, let H be a hyperplane on Pn and
let Ei be the proper transformation of the exceptional divisor of i-th blowup. Then,
{HV = pi
#H,E1, · · · , Er}
is a linearly independent generator of Pic(V ).
Proof. [3, Exer.II.7.9] shows that
Pic(X˜) ≃ Pic(X) ⊕ Z
if pi : X˜ → X is a monoidal transformation. More precisely,
Pic(X˜) = {pi#D + nE | D ∈ Pic(X)}.
Now suppose that X0 = P
n, ρi : Xi → Xi−1 is a monoidal transformation. Then, we get the
desired result. 
Definition 2.8. Let V be a blowup of Pn, H be a fixed hyperplane of Pn and
Pic(V ) = ZHV ⊕ ZE1 ⊕ · · · ⊕ ZEr.
Then, we define the An-effective cone
AFE(V ) = Z≥0HV ⊕ Z
≥0E1 ⊕ · · · ⊕ Z
≥0Er
where Z≥0 is the set of nonnegative integers. We say a divisor D of V is An-effective if D ∈ AFE(V )
and denote it by
D ≻ 0.
Moreover, we will say
D1 ≻ D2
if D1 −D2 is A
n-effective.
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Proposition 2.9. Let V be a blowup of Pn with birational morphism pi : V → Pn and D,Di ∈
Pic(V ).
(1) (Effectiveness) If D is An-effective, then D is effective.
(2) (Boundedness) If D is An-effective, then hD(P ) is bounded below on V \ (HV ∪ (
⋃r
i=1Ei)).
(3) (Transitivity) If D1 ≻ D2 and D2 ≻ D3 , then D1 ≻ D3
(4) (Funtoriality) If W is a blowup of V , a map ρ : W → V is a birational morphism and D1 ≻ D2,
then ρ∗D1 ≻ ρ
∗D2.
Proof. See [10, Proposition 3.3] 
Definition 2.10. Let f : Pn 99K Pn be a rational map with Z(f) ⊂ H, let (V, piV ) be a resolution
of indeterminacy of f and let φV is a resolved morphism.
V
piV

φV
!!C
CC
CC
CC
C
Pn
f
//___ Pn
Suppose that
pi∗VH = a0HV +
r∑
i=1
aiEi and φ
∗
VH = b0HV +
r∑
i=1
biEi
where ai, bi are nonnegative integers. If all bi are nonzero for all i satisfying ai 6= 0, we define the
D-ratio of φV ,
r(φV ) = deg φV ·max
i
(
ai
bi
)
.
Otherwise; if there is an i satisfying a0 6= 0 and bi = 0, define
r(φV ) =∞.
Lemma 2.11. Let (V, piV ) and (W,piV ) be resolutions of indeterminacy with resolved morphisms
φV = f ◦ piV and φW = f ◦ piW respectively.
W
piW

φW
!!C
CC
CC
CC
C
V
piV

φV
}}||
||
||
||
Pn
f
//___ Pn Pn
f
oo_ _ _
Then,
r(φV ) = r(φW ).
Proof. See [10, Lemma 4.3] 
Definition 2.12. Let f : Pn 99K Pn be a rational map with Z(f) ⊂ H. Then, we define the D-ratio
of f ,
r(f) = r(φV )
for any resolution of indeterminacy (V, piV ) of f with resolved morphism φV .
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Proposition 2.13. Let f, g : Pn 99K Pn be rational maps with Z(f), Z(g) ⊂ H. Then,
(1) r(f) = 1 if f is a morphism.
(2) r(f) ∈ [1,∞] .
(3)
r(f)
deg f
·
r(g)
deg g
≥
r(g ◦ f)
deg(g ◦ f)
.
(4) If g is a morphism and f is a rational map on Pn, then r(g ◦ f) = r(f).
Example 2.14. Let f : An → An be an affine automorphism with the inverse map f−1 : An → An.
Then, r(f) = deg f × deg f−1. (For details, see [9].) For example, a He´non map
fH(x, y, z) = (z, x+ z
2, y + x2)
is an example of regular affine automorphism with the inverse map
f−1H (x, y, z) = (y − x
2, z − (y − x2)2, x).
Thus,
r(fH) = r(f
−1
H ) = deg fH × deg f
−1
H = 2× 4 = 8.
Example 2.15. Let f [x, y, z] = [x2, yz, z2]. Then, the indeterminacy locus is P = [0, 1, 0]. Then,
the blowup V along closed scheme corresponding ideal sheaf (yz, x2) will resolves indeterminacy,
which is a successive blowup along P and H# ∩ E1.
f1[x, y, z][x1, z1] = [x1x, z1y, z1z]
φ = f2[x, y, z][x1, z1][x2, z2] = [x2, z2y, x2z
2
1 ]
Let E1, E2 be the exceptional divisors on each step.
H#
E1
←
H#
E2
E1
Then, the intersection number E22 = −1, E
2
1 = −2, (H
#)2 = −1, H# · E1 = 0 and H
# · E2 =
E1 ·E2 = 1
Furthermore,
H# · φ∗H = φ∗H
# ·H = 0,
E1 · φ
∗H = φ∗E1 ·H = 0,
E2 · φ
∗H = φ∗E2 ·H = 1.
Since Pic(V ) = 〈H#, E1, E2〉, we may assume that
φ∗H = aH# + bE1 + cE2
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Then, by previous facts,
φ∗H ·H# = −a+ c = 0, φ∗H · E1 = a− 2b = 0.
Therefore,
φ∗H = 2H# + E1 + 2E2, pi
∗H = H# + E1 + 2E2
and hence
r(f) = 2× 1 = 2
3. Jointly Regular Families of Rational maps
Proof of Theorem 1.5. For notational convenience, let
• dl = deg fl
• rl = r(fl)
• (Vl, pil) be a resolution of indeterminacy of fl constructed by Theorem 2.4; assume pil is a
composition of monoidal transformation and {pi#l H = HVl , El1, · · · , Elsl} is the generator
of Pic(Vl) given by Proposition 2.7.
• φl be the resolved morphism of fl on Vl.
•
pi∗lH = a0HVl +
sl∑
i=1
aliEli and φ
∗
lH = b0HVl +
sl∑
i=1
bliEli
in Pic(Vl) = Zpi
#
l H ⊕ ZEl1 ⊕ · · · ⊕ ZElsl .
We can easily check that a0 = 1 and b0 = dl from pil∗pi
∗
lH = H and pil∗φ
∗
lH = degφl · H For
details, see [10, Proposition 4.5.(2)].
Let Tl be the center scheme of blowup for Vl and W is the blowup of P
n whose center scheme
is
∑
Tl. Then, W is a blowup of Vl for all l. Furthermore, since the underlying set of Tl is exactly
Z(fl), the underlying set of
∑
Tl = ∪Z(fl). Let ρl :W → Vl, piW be the monoidal transformations
defined by construction of W :
W
piW

ρl
~~}}
}}
}}
}} ρl′
  B
BB
BB
BB
B
φ˜l

φ˜l′

Vl
φl
~~}}
}}
}}
}} pil
  A
AA
AA
AA
A
Vl′
φl′
  B
BB
BB
BB
B
pil′
~~||
||
||
||
Pn Pn
fl
oo_ _ _ _ _ _ _
fl′
//_______ Pn
Then, still W is a blowup of Pn and hence Pic(W ) is generated by piW and the irreducible
compoenets of the exceptional divisor:
Pic(W ) = Zpi#WH ⊕ ZF1 ⊕ · · · ⊕ ZFs
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where Fj are irreducible components of exceptional divisor of W . Thus, we can represent pi
∗
WH as
follows:
pi∗WH = pi
#
WH +
s∑
j=1
αjFj .
To describe φ∗lH precisely, let’s define sets of indices
Il = {1 ≤ j ≤ s | piW (Fj) ⊂ Z(fl)} and I
c
l = {1 ≤ j ≤ s | piW (Fj) 6⊂ Z(fl)}.
By definition, it is clear that
Il ∪ I
c
l = {1, · · · , s} and Il ∩ I
c
l = ∅.
Thus, we can say
φ˜∗lH = dlpi
#
WH +
s∑
j=1
βljFj = dlpi
#
WH +
∑
j∈Ic
l
βljFj +
∑
j∈Il
βljFj .
Moreover, we have the following lemmas;
Lemma 3.1.
k⋃
l=1
Il =
k⋃
l=1
Icl = {1, · · · , s}.
Proof.
⋃
l Il = {1, · · · , s} is clear; because the underlying set of the center scheme of W is ∪Z(fl),
∪piW (Fj) = piW (∪Fj) = ∪Z(fl).
Suppose
⋃
l I
c
l ( {1, · · · , s}. Then, there is an index k0 satisfying piW (Fk0) ⊂ Z(fl) for all l.
This implies piW (Fk0) ⊂ Z(fl) for all l and hence ∅ 6= piW (Fk0) ⊂
⋂
l Z(fl) which contradicts to
that S is jointly regular. 
Lemma 3.2. Let αj and βlj be the coefficients of Fj in pi
∗
VH and φ˜
∗
lH respectively. Then,
dl
αj
βlj
≤ rl.
Especially, if j ∈ Icl , then
dlαj = βlj .
Proof. By definition of the D-ratio, the first inequality is clear:
rl = dl ·max
i
(
αi
βli
)
≥ dl ·
αj
βlj
.
Now, suppose that
ρ∗l pi
#
l H = γl00pi
#
WH +
∑s
j=1 γl0jFj = γl00pi
#
WH +
∑
j∈Ic
l
γl0jFj +
∑
j∈Il
γl0jFj
ρ∗lEli = γli0pi
#
WH +
∑s
j=1 γlijFj = γli0pi
#
WH +
∑
j∈Ic
l
γlijFj +
∑
j∈Il
γlijFj .
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First of all, γl00 = 1 and γli0 = 0 for all i 6= 0; if i 6= 0, piW ∗ (ρ
∗
lEi) = 0 because piW
(
ρ∗lEi
)
⊂ ∪Z(fl).
On the other hand,
pi#W
γli0pi#WH + s∑
j=1
γlijFj
 = γli0H.
Hence, γli0 = 0. For γl00, we have
piW ∗
(
pi∗WH
)
= H
because piW is one-to-one outside of the center of blowup of W . Therefore,
piW ∗
(
ρ∗l pi
#
l H
)
= piW ∗
pi∗WH − s∑
j=1
aliρ
∗
lEli
 = H
and hence γl00 = 1.
Moreover, because pil(Eli) ⊂ Z(fl) and piW (Fj) 6⊂ Z(fl) for any j ∈ I
c
l , the multiplicity of
ρl(Fj) on El is zero and hence γlij = 0. Thus, we can say
ρ∗lEli =
∑
j∈Il
γlijFj .
Since φ˜l = ρl ◦ φl and piW = ρl ◦ pil, we have
φ˜∗lH = ρ
∗
l φ
∗
lH = ρ
∗
l
(
dlpi
#
l H +
sl∑
i=1
bliEli
)
= dlρ
∗
l pi
#
l H +
sl∑
i=1
bliρ
∗
lEli.
Thus,
pi∗WH = ρ
∗
l pi
∗
lH
= ρ∗l
(
pi#l H +
sl∑
i=1
aliEli
)
=
pi#WH +∑
j∈Il
γl0jFj +
∑
j∈Ic
l
γl0jFj
+ sl∑
i=1
ali
∑
j∈Il
γlijFj

= pi#WH +
∑
j∈Ic
l
γl0jFj +
∑
j∈Il
(
sl∑
i=0
aliγlij
)
Fj ,
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and
φ˜∗lH = ρ
∗
l φ
∗
lH
= ρ∗l
(
dlpi
#
l H +
sl∑
i=1
bliEli
)
= dl
pi#WH +∑
j∈Il
γl0jFj +
∑
j∈Ic
l
γl0jFj
+ sl∑
i=1
bli
∑
j∈Il
γlijFj

= dlpi
#
WH +
∑
j∈Ic
l
dlγl0jFj +
∑
j∈Il
(
sl∑
i=0
bliγlij
)
Fj .
Therefore,
dlαj = dl
∑
j∈Ic
l
γl0j = βj for all j ∈ I
c
l .

We now complete the proof of Theorem 1.5. Let r = max rl. Note that
p0pi
#
WH +
s∑
j=1
pjFj ≻ q0pi
#
WH +
s∑
j=1
qjFj
if pj ≥ qj for all j = 0, · · · , s. Then, we have
∑k
l=1
1
dl
φ˜∗lH =
k∑
l=1
pi#WH + ∑
j∈Ic
l
(
βlj
dl
Fj
)
+
∑
j∈Il
(
βlj
dl
Fj
)
≻
k∑
l=1
pi#WH +
k∑
l=1
∑
k∈Ic
l
αjFj +
k∑
l=1
∑
j∈Il
αj
rl
Fj
 (∵ Lemma 3.2)
≻ kpi#WH +
k∑
l=1
∑
j∈Ic
l
αjFj +
k∑
l=1
∑
j∈Il
αj
r
Fj
 (∵ r ≥ rl)
≻ kpi#WH +
s∑
j=1
αjFj +
1
r
s∑
j=1
αjFj (∵ Lemma 3.1)
≻
(
1 +
∑ 1
r
)
pi∗WH
and hence
D =
k∑
l=1
1
dl
φ˜∗lH −
(
1 +
∑
min
1
rl
)
pi∗WH
is an An-effective divisor.
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Thus, by Proposition 2.9, hD is bounded below on pi
−1
W A
n. Therefore, there is a constant C
such that
hD(Q) =
k∑
l=1
1
dl
h
φ˜∗
l
H
(Q)−
(
1 +
∑
min
1
rl
)
hpi∗
W
H(Q)
=
k∑
l=1
1
dl
h∗H
(
φ˜l(Q)
)
−
(
1 +
∑
min
1
rl
)
hH
(
pi∗W (Q)
)
> C
for all Q ∈ pi−1W (A
n)(K). Finally, for P = pi(Q), φ˜l(Q) = f(P ) and piW (Q) = P and hence
k∑
l=1
1
dl
hH(P )−
(
1 +
∑
min
1
rl
)
hH(P ) > C.

Example 3.3. Let
f1 = (z, y + z
2, x+ (y + z2)2), f2 = (x, y
2, z), f3 = (x
2 + y, x+ y, z3).
Then, the r(f1) = 8, r(f2) = 2 and r(f3) = 3/2. (For details of the D-ratio calculation, see [10].)
Therefore,
h
(
(z, y + z2, x+ (y + z2)2)
)
+ h
(
(x, y2, z)
)
+ h
(
(x2 + y, x+ y, z3)
)
≥
(
1 +
1
8
)
h
(
(x, y, z)
)
− C
for some constant C.
Corollary 3.4. Let S be a jointly regular set of affine morphisms. Then,
κ(S) := lim inf
P∈An(Q)
h(P )→∞
∑
f∈S
1
deg f
h
(
f(P )
)
h(P )
≥ 1 +
1
r
where r = max
f∈S
r(f).
Remark 3.5. Corollary 3.4 may not be the exact limit infimum valus. For example, If there is a
subset S′ ⊂ S such that S′ is still jointly regular and max
f∈S′
r(f) < max
f∈S
r(f), then
κ(S) ≥ κ(S′) ≥ 1 +
1
r′
> 1 +
1
r
.
Example 3.6. We have some examples for κ(S) = 1 +min
f∈S
(
1
r(f)
)
;
(1) S = {f, g} where f, g are morphisms.
If f, g are morphism, then r(f) = r(g) = 1. Therefore,
1
deg f
h
(
f(P )
)
+
1
deg g
h
(
g(P )
)
= h(P ) + h(P ) +O(1).
(2) S = {f, f−1} where f is a regular affine automorphism and f−1 is the inverse of f .
It is proved by Kawaguchi. See [6].
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4. An application to arithmetic dynamics
This result is a generalization of [14, Section 4]. The only difference is that we have an improved
inequality for jointly regular family. The proof is almost the same.
Fix an integer m ≥ 1 and let S = {f1, · · · , fk} ⊂ Rat
n(H) be a jointly regular family. For each
m ≥ 0, let Wm be the collection of ordered m-tuples chosen from {1, · · · , k},
Wm =
{
(i1, · · · , im) | ij ∈ {1, · · · , k}
}
=
{
1, · · · , k
}m
,
and let
W∗ =
⋃
m≥0
Wm.
Thus W∗ is the collection of words on r symbols.
For any I = (i1, · · · , im) ∈ Wm, let fI denote the corresponding composition of the rational
amps f1, · · · fk,
fI = fi1 ◦ · · · ◦ fim .
Definition 4.1. We denote the monoid of rational maps generated by f1, · · · , fk under composition
by
Φ = {φ = fI | I ∈W∗}.
Let P ∈ An. The Φ-orbit of P is
Φ(P ) = {φ(P ) | φ ∈ Φ}.
The set of (strongly) Φ-preperiodic points is the set
Preper(Φ) = {P ∈ An | Φ(P ) is finite}.
Proof of Theorem 1.6. By Theorem 1.5, we have a constant C such that
0 ≤
(
1
1 + 1
r
)
k∑
l=1
1
dl
h
(
fl(Q)
)
− h(Q) + C for all Q ∈ An.(1)
Note that if r = ∞, then
(
1
1 + 1
r
)
= 1 and theorem holds because of [14, Section 4]. Thus, we
may assume that r is finite.
We define a map µ : W∗ → Q by the following rule:
µI = µ(i1,··· ,im) =
∏
d
pI,l
l
where pI,l = −|{t | it = l}|. Then, by definition of δ and µI , the following is true:
δm =
[(
r
r + 1
) k∑
l=1
1
dl
]m
=
(
r
r + 1
)m ∑
I∈Wm
1
deg fi1 · · · deg fim
=
(
r
r + 1
)m ∑
I∈Wm
µI .
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Let P ∈ An(Q). Then, (1) holds for fI(P ) for all I ∈Wm:
0 ≤
(
r
r + 1
) k∑
l=1
1
dl
h
(
fl(fI(P ))
)
− h(fI(P )) + C.
and hence
0 ≤
M∑
m=0
∑
I∈Wm
µI
(
r
r + 1
)m [ k∑
l=1
1
dl
h
(
fl(fI(P ))
)
−
(
1 +
1
r
)
h(fI(P )) + C
]
.(2)
The main difficulty of the inequality is to figure out the constant term. From the definition of
δ, we have
M−1∑
m=0
(
r
r + 1
)m ∑
I∈Wm
µI =
M∑
m=1
δm ≤
1
1− δ
.
Now, do the telescoping sum and most terms in (2) will be canceled;(
M−1∑
m=0
∑
I∈Wm
(
r
r + 1
)m
µI
k∑
l=1
1
dk
h
(
flfI(P )
))
−
(
M∑
m=1
∑
I∈Wm
(
r
r + 1
)m−1
µIh
(
fI(P )
))
=
(
M−1∑
m=0
∑
I∈Wm
(
r
r + 1
)m k∑
l=1
µI
dl
h
(
flfI(P )
))
−
(
M−1∑
m=0
∑
I∈Wm
k∑
l=1
(
r
r + 1
)m µI
dl
h
(
flfI(P )
))
= 0
Therefore, the remaining terms in (2) are
0 ≤
 ∑
I∈WM
(
r
r + 1
)M
µI
K∑
l=1
1
dl
h
(
fl(fI(P ))
)− h(P ) + ∑
I∈WM
(
r
r + 1
)M
µIC
≤
 ∑
I∈WM
(
r
r + 1
)M
µI
k∑
l=1
1
dl
h
(
fl(fI(P ))
)− h(P ) + 1
1− δ
C,
∑
I∈WM
(
r
r + 1
)M
µI
k∑
l=1
1
dl
=
(
r
r + 1
)M ∑
I∈WM+1
µI =
(
1 +
1
r
)
δM+1.
Define the height of the images of P by the monoid Φ:
h(Φ(P )) = sup
R∈Φ(P )
h(R).
Then, if P ∈ Preper(Φ), h(Φ(P )) is finite and hence we have an upper bound for h(P ):
h(P ) ≤
 ∑
I∈WM
(
r
r + 1
)M
µI
k∑
l=1
1
dl
h(Φ(P )) + 1
1− δ
C
≤
(
1 +
1
r
)
δM+1h
(
Φ(P )
)
+
1
1− δ
C.
14 CHONG GYU LEE
By assumption, δ < 1 and h
(
Φ(P )
)
is finite, so letting M → ∞ shows that h(P ) is bounded by a
constant that depends only on S. 
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